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Boolean and bent functions

Let F» be the field of order 2.
A Boolean function on n variables is a mapping f : F5 — [F».
The Walsh-Hadamard transformation of f is

We(v) =D (=170,

x€F]

A bent function is a Boolean function f such that W¢(v) = 423, for every
v e 3.



Generalized Boolean and gbent functions

Let Zo« be the ring of integers modulo 2.
A generalized Boolean function on n variables is a mapping f : 5 — Zo«.
The generalized Walsh-Hadamard transformation of f is

F(v) = 3 WO (1),
x€Fy
2mi
where w = e 2k .
A gbent function is a generalized Boolean function f such that
[F(v)| = 22, for every v € F3.

4/ 24



Theorem (K. U. Schmidt, 2009)

Let n > 2 be even, and let a, b : F] — F5 be bent functions. Then
f: ]Fg+1 — Zy4 given by

f(x,y) =2a(x)(1 +y) +2b(x)y +y, x € F3,y € Fa,

is a gbent function.




Ziyk-codes

A Zyk-code C of length n is an additive subgroup of Z7,.

An element of C is called a codeword of C.

A code in which the circular shift of each codeword gives another
codeword that belongs to the code is called a cyclic code.

A generator matrix of C is a matrix whose rows generate C.



Let C be a Zy-code of length n. The dual code C* of the code C is
defined as

Ct={xeZy| (x,y) =0forall y € C},
where (x,y) = x1y1 + xoy2 + - -+ + Xnyn (mod 2K) for x = (x1, %2, ..., X,)

and y = (}/1,)’2a s ayn)-
The code C is self-orthogonal if C C ct.
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Let x = (x1,x2,...,X,) € Z3. The Euclidean weight of x is

wee(x) =Y min{x?, (2X = %)’}
i=1

Lemma (Bannai, Dougherty, Harada, Oura, 1999)

Let M be a generator matrix of a Z,k-code C of length n. Suppose that
the rows of M are codewords in ZJ, with Euclidean weight a multiple of
2k+1 with any two rows orthogonal. Then C is a self-orthogonal code with
all Euclidean weights a multiple of 24*1.
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An n X n circulant matrix is a matrix of the form

X0 Xpn—1 A X2 X1
X1 X0 Xn—1 - X2
Xn—1 A . X1 X0

o P. StaNicA, T. MARTINSEN, S. GANGCOPADHYAY, B. K. SINGH,

Bent and generalized bent Boolean functions, Des. Codes Cryptogr.
69 (2013), 77-94.



Theorem 1 (SB, S. Rukavina, 2023)
Let a, b,c : F] — F» be Boolean functions and let 3 < k < n. Let

g 3

— Zok be a generalized Boolean function given by
glgg)(x,y, z) = 257 1a(x) + (25 71b(x) + 1)y + (2K Le(x) + 1)z + 2eyz,

x € Fl,y,z € Fy, where € € {—1,1}, and let Gyl ) be a codeword

(&2((0,-,0)), £2((0,.,0,1)), .., (L, 1)) € 2&".

Let C £ be a Z«-code generated by the 2772 x 27*2 circulant matrix

whose f|rst row is the codeword Cl (- Then C e is a cyclic self-orthogonal

Zok-code of length 272 If b = c, then all codewords in Cg(e) have
k

Euclidean weights divisible by 2k*1,
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An incidence structure D = (P, B,Z), with point set P, block set B and
incidence Z is a t-(v, k, A) design, if |P| = v, every block B € B is
incident with precisely k points, and every t distinct points are together
incident with precisely A\ blocks.

If the condition

‘B,‘ N Bj‘ = ‘Bk‘ =0 (mod 2)

is satisfied for all blocks B;, Bj and By of D, we say that D is a
self-orthogonal design.



A k-dimensional subspace of FJ is called an [n, k| binary linear code.

An element of a code is called a codeword.

The support of a codeword x € ] is the set of non-zero positions in x.
The weight of a codeword x € 7 is the number of non-zero coordinates in
x. If the minimum weight d of an [n, k] binary linear code is known, then
we refer to the code as an [n, k, d] binary linear code.



The binary residue code of a Zyk-code C is defined as
CM = {c (mod 2)|c e C}.

The binary residue code of the Z,«-code Cg(e), constructed as in Theorem
k

1, is a [2"+23,2"*1] binary linear code. The supports of the minimum
weight codewords in C (. Y1) form a self-orthogonal 1-(272,27+1 3)

design with 6 blocks and block intersection numbers 0 and 2.
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Example 1
Let n=k =3,

a(x1,x2,x3) =1, b(x1,x2,x3) = c(x1,x2,x3) = X1X0 + X1X3 + X2
and e = —1. Then

c (v = 01540154411441140154411401544114 € 732
8}

and C _1) is a cyclic self-orthogonal Zg-code of length 32, where all

codewords have Euclidean weights divisible by 16.




Proposition 1 (SB, S. Rukavina, 2022)

Let n be even, and let a, b : F§ — F» be bent functions. Let

f: IF;H — Zg4 be a gbent function given by

f(x,y) =2a(x)(1+y) +2b(x)y +y, x€Fj5, y € Fa, and let ¢ be a
codeword

(£((0,...,0)), f((0,...,0,1)),...,f((1,...,1))) € Z2""".

Let Cr be a Zs-code generated by the 27+ x 2"+1 circulant matrix whose
first row is the codeword cf. Then Cr is a cyclic self-orthogonal Z4-code of
length 2™t all its codewords have Euclidean weights divisible by 8.




Theorem 2 (SB, S. Rukavina, 2023)
Let n be even, and let a, b : F§ — F» be bent functions. Let kK > 3 and let
fk(e) : T3 — Zou be a generalized Boolean function given by

£ (6, y) = 2Ha(x) + (2T a(x) + 2 Hb(x) + 2 Pe)y, x € FR,y € Fa,
where € € {—1,1}. Let c, be a codeword
k

2n+1

(F9((0,...,0)), £90,...,0,1)),..., F9(1,...,1))) e Z%

Let C,) be a Zyk-code generated by the 2m1 % 27+ circulant matrix
k
whose first row is the codeword Cple)- Then Cf(e) is a cyclic self-orthogonal
k k

Zyk-code of length 2™+1 and all its codewords have Euclidean weights
divisible by 22k~1.,




Example 2
Let n=2, k=3,

a(x1, x2) = x1x2 + X2, b(x1,Xx2) = x1x2 + X1 + X2

and e = 1. Then
¢, = 02460606 € Z§
3

and Cf(l) is a cyclic self-orthogonal Zg-code of length 8, all its codewords
3

have Euclidean weights divisible by 32.
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Theorem 3 (SB, S. Rukavina, 2023)
Let n be even, and let a, b : F§ — F» be bent functions. Let kK > 3 and let
hff) : Fg“ — Zok be a generalized Boolean function given by

hgf)(x,y) = 2k 15(x) + (2K 1b(x) 4+ 2k 2e)y, x € F,y € Ty,
where € € {—1,1}, and let c,( be a codeword
k

2n+1

(HO((0,...,0)), K((0,...,0,1)),..., K((1,...,1))) € Z2

Let C,( be a Zy-code generated by the 2m+1 % 27+ circulant matrix
k. . - -
whose first row is the codeword Cp()- Then Ch(e) is cyclic self-orthogonal
k k
Zok-code of length 271 and all codewords in Ch(e) have Euclidean weights
k

divisible by 2k+1.
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Example 3
Let n=2, k=3,

a(x1,x2) = x1x2 + x2, b(x1,Xx2) = x1x20 + X1 + X2

and e = 1. Then
¢, = 02420606 € 7§
&

and Ch(l) is a cyclic self-orthogonal Zg-code of length 8, all its codewords

have Elsjclidean weights divisible by 16.




Thank you!
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