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Problem 1

Definition (progression-free sets)

Let (A, +) be an abelian group and k € N. A subset L C A with |L| = k is
called k-progression if there exist a, b € A such that

L={a+b-i|ie[0,k—1]}.

A subset S C A is called k-progression-free if it does not contain any
k-progression.
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Problem 1

Definition (progression-free sets)

Let (A, +) be an abelian group and k € N. A subset L C A with |L| = k is
called k-progression if there exist a, b € A such that

L={a+b-i|ie[0,k—1]}.

A subset S C A is called k-progression-free if it does not contain any
k-progression.

Definition
Let (A, +) be an abelian group and k € N. Let
S :={S CA|S is k-progression-free}. We define

re(A) == rg]ea;(|5|
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Problem 2

Definition

We call sets of the form a + bFg ={a+b-i|i € Fg} lines in Fg.
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Problem 2

Definition
We call sets of the form a + bFg ={a+b-i|i € Fg} lines in Fg.

Definition (no k on a line)

Let k € N. Let S := {S CFg | S does not contain k points on a line}.
We define

(Fg) == r;1£§<|5|
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Comparing the problems

o Fk(Fg) S rk(IF,’;).
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o Fk(Fg) S rk(IF,’;).

@ "order" does matter for Problem 1.
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Comparing the problems

o Fk(Fg) < rk(Fg).
@ "order" does matter for Problem 1.

@ Problem 1 can be studied in (Z/mZ)" where m is no prime.
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Fk(Fg) < rk(Fg).
"order” does matter for Problem 1.

Problem 1 can be studied in (Z/mZ)" where m is no prime.

Problem 2 can be studied in Fg where g is a prime power. Note that
F,’;e i IF;’,E as additive groups.
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Comparing the problems

Fk(Fg) < rk(Fg).
"order” does matter for Problem 1.

Problem 1 can be studied in (Z/mZ)" where m is no prime.

Problem 2 can be studied in Fg where g is a prime power. Note that
F,’;e i IF;’,E as additive groups.

o 1p(Fp) = rp(IF;) and the two problems coincide.
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Trivial Lower Bounds
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Trivial Lower Bound

Theorem

Let p € P and n € N. Then

rp(Fp) = (p—1)"
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Lifting To Higher Dimensions

Theorem

Let p € P and ny,ny € N. Then

o (ER*™) > (B rp(B2).
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Lifting To Higher Dimensions

Theorem (Variation of Davis and Maclagan 2003)
Let p € P. Then the limit
Qp,p = lim (rp(Fp))"/"

exists and it holds that
p—1< app < Pp.

o a o = /
Moreover, if S is an p-progression-free set in F, then

Qpp = ‘5‘1/'1/7

- (ED) > (IS[Y" + o(1))".

Jakob Fiihrer (TU Graz) Line-free sets in F7 20.09.2023

10



Approach 1: Computer based results
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Approach 1: Computer based results

Theorem (E.F.F.K.P.S.V. 2027)

I’5(IF§) Z 70,
rs(Fg) > (4.121 + o(1))",

r7(F$) > 225,
r7(F2) > (6.082 + o(1))".
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Approach 2: Combinatorial constructions
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Approach 2: Combinatorial constructions

Theorem (E.F.F.K.P.S.V. 2027)
Let p e P\ {2}. Then

o(Z3) > (p—1)* + p—2\/p+ O(1).
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Approach 2: Combinatorial constructions

Theorem (E.F.F.K.P.S.V. 2027)
Let p e P\ {2}. Then

o(Z3) > (p—1)* + p—2\/p+ O(1).

Theorem (E.F.F.K.P.S.V. 2027)

Let p € P\ {2}. Then ry(Fp) > (p—1)"+ ”7_2 “(p—-1)(p—2)"3
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Approach 3: Algebraic constructions

Use zero-sets of polynomials.
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Approach 3: Algebraic constructions

Use zero-sets of polynomials.

Theorem (F. 2027)
Let g be a prime power and k € N such that k < q then

P (JFSkLk)/ 2) > q(k*=k)/2-1

In particular,
2 n
wl5) 2 (575 +o)

and
ro(Fp) = (p+0(1))",
when both n and p tend to infinity.
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