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RANK METRIC CODES

Rank metric codes were first introduced in 1978 by Delsarte and are linear subspaces of space of
matrices over a finite field. Rank metric codes have many interesting applications such as

» Error correction in network coding.
» Construction and decoding of space-time codes.
» Distributed Storage Systems.
» Code-based cryptography especially the application of MRD codes in post-quantum
cryptography.
For our purpose, we will be discussing the linearized polynomial setting for RD-codes.
Just to fix the notation

» g=pand r,ne Z";
> Fgn Galois field with g" elements.
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RD-CODES IN LINEARIZED POLYNOMIALS SETTING

k .
,Cn‘q[X] = {Z C,'qu NS ]Fqn7 k € N}
i=0
~ n
C C Lng[x] = Ln,g[x]/(x? — x) = Endg, (Fgn)
Rank Distance code (RD code for short)

Iff,g € C,then d(f, g) = dim(im(f — g))

d(C) = mins gec d(f, g) = minf gec dim(im(f — g))  minimum distance
f#g f#g

Ic| < g""=9+1)  singleton bound

C Maximum Rank Distance if equality holds (MRD for short)

C linearRDcode <+ C  Fg-subspace of £, g[x]
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INTRODUCTION

L C A =PG(Fsn,Fgn) = PG(1,q")

Fq-linear set of rank k

L=y = {(U)qu cueU\{0}},

where U is a k-dimensional FF4-subspace of ]Fi,,.
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LINEAR SETS OF THE PROJECTIVE LINE

INTRODUCTION

L C A =PG(F2n,Fgn) = PG(1,q")

Fq-linear set of rank k

L=Ly={{Ws, uecU\{0},

where U is a k-dimensional IF4-subspace of ]Ff]n.

q

IL| = p —— L is scattered

k = n L is maximum scattered
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EQUIVALENCE

f(x) € Lnqlx]
Cr= <X= f(x)>Fqn < ["n,q[x]
Ur = {(x,f(x)) : x €EFgn} < Fin

Ly = {{0x, 1()))egn = X € Fgn} € PG(1, Q")

Ci ~ Cp < Lng[x] equivalent 3 gy, go € £ q[x] bijective, p € Aut(Fgn)

Co={g1ofPog |feCi}

f(x) and g(x) € Ln q[x], T'L- equivalent (GL-equivalent) < U; and U, are I'L-equivalent

(GL-equivalent), i.e., 3 a matrix (a 2 € GL(2,Fgn), and o € Aut(Fgn)

a 1(}’) g(z)
o =id, Us and Ug are GL-equivalent.

o

Ly is PTL-equivalent to Ly < 3¢ € PIL(2,q") st. L = Ly
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Cy is a linear MRD-code with minimum distance d = n — 1 if and only if L; is a maximum scattered
linear set of PG(1, q").
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LINEAR SETS AND CODES

Ly = {((x, f(X))>Fqn X € F;n} C PG(1,q9")
Cr={ax+bf(x):a,b €Fyn} = (x,[(x))gn < L qlx]

Theorem. [sheekey, 2016]

Cy is a linear MRD-code with minimum distance d = n — 1 if and only if L; is a maximum scattered
linear set of PG(1, q").

Cr and Cq are equivalent if and only if f and g are I'L-equivalent.

C; ~Cy = Lfand Ly are PT'L-equivalent
<=

Let f(x) = x9 and g(x) = x9° with (s,n)=1ands % £1 (mod n).
f(x) and g(x) are not I'L-equivalent, i.e., Cy is not equivalent to Cg.
But we can easily see L; = {((1, xq*‘))mqn i X € Fgn \ {0}} = Lg.
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KNOWN FAMILIES

Gos = (%, xT ), 1< s<n—1,gcd(s, n) =1 [BL, 2000]
Hosom = (X, 438 )y [Sheekey, 2016]
n>4,Ngn q(n)ze_! {0,1}, ged(s,n) =1 for s = 1[ LP, 2001]
Kns.s = (6,657 +x7"")z ) n € {6,8), ged(s, n/2) = 1
Nq,7 q,,/z(é) ¢ {0, 1}, for some conditions on ¢ and q [CsMPZa, 2018]
Zom = (X, X7+ xT + ”"qsﬁqev [CsMZ, 2018]
where n € ]F;e such that n? +n = 1; (g odd, forg = 0, &1 (mod 5) )
[MMZ, 2020]
(for remaining congruences of q)
Zoc = (X7 +xT +xT ), [BLMT. 202x]
q
with g even and some conditions over n € IF;G
Cr = (x,x9 + xaT + X! )Fqn, [LZa, 2021]
g odd, n = 2t with either t > 3oddand g =1 (mod 4), or t even
Chp= (6, X9+ xT T pimaT T = Yegns [LMTZ, 2022]
where godd, n=2t, h € ]Fqg, \]Fq, such that qur q,(h) = —1
Chts = (X, X% + x84 g+ @™ | pi—g®ED, R0y INSZ, 2022]
where g odd, n = 2t, (2t,s) = 1and h € qur such that Nq2, q,(h) = -1
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SOME TOOLS FOR OUR WORK

Definition. [Longobardi and Zanella, 2023]

A g-polynomial F(x) = Ei”:’(; c,-x"i is in standard form, if the greatest common divisor mr of the
set of integers

{(i—J) (mod n): cig # 0with i j} U {n},
is strictly larger than 1. If this is the case, then F(x) has the following fashion:

n/m—1 .
F)= > ox™ 7,

J=0

where m= mgand 0 < s < mg.
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SOME TOOLS FOR OUR WORK

Theorem. [G., Longobardi and Trombetti, 202x]

Let Cr,, i = 1, 2 be two 2-dimensional MRD codes where F;, i = 1, 2, are scattered polynomials
having the standard form. Then, they are equivalent if and only if there exists a, b, ¢, d € IE‘;n such

that
dF2(x) = F{(ax) or F[(bFz(x)) = cx

for some p € Aut(Fgn). In particular,
g _ P
() Cr, = C,y_1 o ax or,

(ii) Cr, = Cf, o bFa(x).
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Let Cr,, i = 1, 2 be two 2-dimensional MRD codes where F;, i = 1, 2, are scattered polynomials
having the standard form. Then, they are equivalent if and only if there exists a, b, ¢, d € IE‘;n such

that
dF2(x) = F{(ax) or F[(bFz(x)) = cx

for some p € Aut(Fgn). In particular,
g _ P
() Cr, = C,y_1 o ax or,
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€ @) (&0r) = (s0):
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SOME TOOLS FOR OUR WORK

Theorem. (G., Longobardi and Trombett, 202x]

Let Cg, i = 1,2 be two 2-dimensional MRD codes where Fj, i = 1, 2, are scattered polynomials
having the standard form. Then, they are equivalent if and only if there exists a, b, ¢, d € ]F;,, such

that
dFy(x) = F{(ax) or F{(bFz(x)) = cx

for some p € Aut(Fgn). In particular,
() Cr, = C,‘_Z1 o axofr,

(i) Cry = CE, o bFa(x).

(2 &) (rly) - (alo) om
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SOME TOOLS FOR OUR WORK

Theorem. (G., Longobardi and Trombett, 202x]

Let Cg, i = 1,2 be two 2-dimensional MRD codes where Fj, i = 1, 2, are scattered polynomials
having the standard form. Then, they are equivalent if and only if there exists a, b, ¢, d € ]F;,, such

that
dFy(x) = F{(ax) or F{(bFz(x)) = cx

for some p € Aut(Fgn). In particular,
() Cr, = C,‘_Z1 o axofr,

(i) Cry = CE, o bFa(x).

(3 8) (=) = (la) o
(2 3) (=) = (s)-
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THE CODES WE STUDY

Recently, a Class of 2 dimensional MRD codes over F2,,, n = 2t, with minimum distance 2t — 1

MRD codes was extended by Neri, Santonastaso, and Zullo from a class of codes given by
Longobardi, Marino, Trombetti, and Zhou.
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THE CODES WE STUDY

Recently, a Class of 2 dimensional MRD codes over IFLZW, n = 2t, with minimum distance 2t — 1
MRD codes was extended by Neri, Santonastaso, and Zullo from a class of codes given by
Longobardi, Marino, Trombetti, and Zhou.
The codes are given by

Ch,t,s = <X7 d"h,[,s(x))W‘qgt )
s(t—1)

gs(t+1) 2r—1)xqs(2z—1)

where ¢ ¢ s(X) = X% 4 x4 + h+ex + pi—a%t € Lorglx], (2t,8) = 1

and h € F oot such that ng,/q,(h) = -1,
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THE CODES WE STUDY

Recently, a Class of 2 dimensional MRD codes over F2,,, n = 2t, with minimum distance 2t — 1
MRD codes was extended by Neri, Santonastaso, and Zullo from a class of codes given by
Longobardi, Marino, Trombetti, and Zhou.
The codes are given by

Ch,t,s = <X7 d"h,[,s(x))W‘qgt )
s(t—1)

gs(t+1) 2r—1)xqs(2z—1)

+ Aty 4 pi=a

(h) = —1.

where p  s(X) = x9° 4 x4 € Lorglx], (2t,8) = 1
and h € ]qut such that ng,/q,

Note:
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THE CODES WE STUDY

Recently, a Class of 2 dimensional MRD codes over F2,,, n = 2t, with minimum distance 2t — 1
MRD codes was extended by Neri, Santonastaso, and Zullo from a class of codes given by
Longobardi, Marino, Trombetti, and Zhou.
The codes are given by

Ch,t,s = <X7 d"h,[,s(x))W‘qgt )
s(t—1)

gs(t+1) 2r—1)xqs(2z—1)

+ Aty 4 pi=a

(h) = —1.

where 9 1 o(x) = x%° + x9 € Larglx], (21, 8) =1
and h € ]qut such that ng,/q,
Note:
> any code Cp ;s with t > 4 and even, is already expressed by means of a polynomial in
standard form.
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THE CODES WE STUDY

Recently, a Class of 2 dimensional MRD codes over F2,,, n = 2t, with minimum distance 2t — 1
MRD codes was extended by Neri, Santonastaso, and Zullo from a class of codes given by
Longobardi, Marino, Trombetti, and Zhou.
The codes are given by

Ch,t,s = <X7 d"h,[,s(x))W‘qgt )
s(t—1)

gs(t+1) 2r—1)xqs(2z—1)

+ Aty 4 pi=a

(h) = —1.

where p  s(X) = x9° 4 x4 € Lorglx], (2t,8) = 1
and h € ]qut such that ng,/q,
Note:

> any code Cp ;s with t > 4 and even, is already expressed by means of a polynomial in
standard form.

> for t = 3 code Cy is an MRD code equivalent to Cp 3,s, such that H(x) is in standard form
and

H(x) = Has(x) = (1 — hP)x® 1 (ht BT + B (1 19 )% € o gl

[Longobardi and Zanella, 2023]



Somi Gupta | On the equivalence issue of a class of 2-dimensional linear maximum rank-metric codes

THEOREM. [Neri, Santonastaso, Zullo, 2022]

Let t > 5 and consider Cp ¢,s and Cy+,, such that (s, n) = 1 = (¢, n). Then the codes Cj ;s and
Ck,t,¢ are equivalent if and only if one of the following collection of conditions are satisfied:
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THEOREM. [Neri, Santonastaso, Zullo, 2022]
Let t > 5 and consider Cp ¢,s and Cy+,, such that (s, n) = 1 = (¢, n). Then the codes Cj ;s and
Ck,t,¢ are equivalent if and only if one of the following collection of conditions are satisfied:

o s = ¢ (mod n), and there exists p € Aut(Fgn) such that
+k, ift 2 (mod 4)
p(h) = » -
Ak, where ATt =1 ift=2 (mod 4)
os= —¢ (mod n), and there exists p € Aut(Fgn) such that

+k T, ift 22 (mod 4)
p(h) = 1 241 8P —
Ak™', where AT =1 ift=2 (mod 4)
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THE CODES WE STUDY

THEOREM. [Neri, Santonastaso, Zullo, 2022]

Let t > 5 and consider Cp, ¢,s and Ck ;¢ such that (s, n) = 1 = (¢, n). Then the codes Cj, ;,s and
Ck,t,¢ are equivalent if and only if one of the following collection of conditions are satisfied:

os=(t—1)¢ (mod n), t even, and there exists p € Aut(F,n) such that
+k, ift #2 (mod 4)

h —
P(h) {/\k7 where ATH =1 ift =2 (mod 4)

os=(t+1)¢ (mod n), t even, and there exists p € Aut(F,n) such that

+k~1, ift£2 (mod 4)
oy =47, P -
Ak™", where A =1 ift=2 (mod4)
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MAIN RESULT

EQUIVALENCE WITHIN THE CLASS Ch,t.s

Theorem. (., Longobardi, Trombetti, 2023]

Letn=2t,t € {3,4}, h, k € F,n satisfying Nq,,/q,(h) = Nqn/q,(k) = —1. Let s, ¢ € N such that
(n,s) = (n, ¢) = 1. Finally, let C ;s and Ck ., be two elements in Class given by (Neri
Santonastaso Zullo). Then:
(i) Ch,a,s and Cx 3, are equivalent if only if either s = £ (mod n) and h” = £k,ors = —¢
(mod n) and h* = k=" where p € Aut(Fgn).
(i) Ch,4,s and C 4,¢, are equivalent if only if either s = ¢ (mod n) and h” = +k,ors = —¢
and h? = +k~', or s = 3¢ (mod n) and h* = £k, or s = 5¢ (mod n) and h* = +k~!
where p € Aut(IFqn).
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MAIN RESULT

EQUIVALENCE WITHIN THE CLASS Ch,t.s

Theorem. (., Longobardi, Trombetti, 2023]

Letn=2t,t € {3,4}, h, k € F,n satisfying Nq,,/q,(h) = Nqn/q,(k) = —1. Let s, ¢ € N such that
(n,s) = (n, ¢) = 1. Finally, let C ;s and Ck ., be two elements in Class given by (Neri
Santonastaso Zullo). Then:
(i) Ch,a,s and Cx 3, are equivalent if only if either s = £ (mod n) and h” = £k,ors = —¢
(mod n) and h* = k=" where p € Aut(Fgn).
(i) Ch,4,s and C 4,¢, are equivalent if only if either s = ¢ (mod n) and h” = +k,ors = —¢
and h? = +k~', or s = 3¢ (mod n) and h* = £k, or s = 5¢ (mod n) and h* = +k~!
where p € Aut(IFqn).

(<) Itis easy to see because with h* = 4k and h” = £k~ ", the codes Cp 3 s and Cy 3 ¢ are
exactly the same for t € {3,4}.
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MAIN RESULT

EQUIVALENCE WITHIN THE CLASS Ch,t.s

Theorem. (., Longobardi, Trombetti, 2023]

Letn=2t,t € {3,4}, h, k € F,n satisfying Nq,,/q,(h) = Nqn/q,(k) = —1. Let s, ¢ € N such that
(n,s) = (n, ¢) = 1. Finally, let C ;s and Ck ., be two elements in Class given by (Neri
Santonastaso Zullo). Then:
(i) Ch,a,s and Cx 3, are equivalent if only if either s = £ (mod n) and h” = £k,ors = —¢
(mod n) and h* = k=" where p € Aut(Fgn).

(i) Ch,4,s and C 4,¢, are equivalent if only if either s = ¢ (mod n) and h” = +k,ors = —¢
and h? = +k~', or s = 3¢ (mod n) and h* = £k, or s = 5¢ (mod n) and h* = +k~!
where p € Aut(Fgn).

(<) It is easy to see because with h* = +k and h” = +k~', the codes Ch,a,s and Ck 3, are
exactly the same for t € {3,4}.

(=) As (s,n) = (£,n) =1, there exists an integer —1 < r < n — 2 such that £ = sr (mod n).
Easily observing (r, n) = 1.
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MAIN RESULT

EQUIVALENCE WITHIN THE CLASS Ch,t.s

Theorem. (., Longobardi, Trombetti, 2023]

Letn=2t,t € {3,4}, h, k € F,n satisfying Nq,,/q,(h) = Nqn/q,(k) = —1. Let s, ¢ € N such that
(n,s) = (n, ¢) = 1. Finally, let C ;s and Ck ., be two elements in Class given by (Neri
Santonastaso Zullo). Then:
(i) Ch,a,s and Cx 3, are equivalent if only if either s = £ (mod n) and h” = £k,ors = —¢
(mod n) and h* = k=" where p € Aut(Fgn).
(i) Ch,4,s and C 4,¢, are equivalent if only if either s = ¢ (mod n) and h” = +k,ors = —¢

and h? = +k~', or s = 3¢ (mod n) and h* = £k, or s = 5¢ (mod n) and h* = +k~!
where p € Aut(Fgn).

(<) It is easy to see because with h* = +k and h” = +k~', the codes Ch,a,s and Ck 3, are
exactly the same for t € {3,4}.

(=) As (s,n) = (£,n) =1, there exists an integer —1 < r < n — 2 such that £ = sr (mod n).
Easily observing (r, n) = 1.

We have fort =3, r ¢ {2,3,4} andfort = 4,r ¢ {2,4,6}.
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MAIN RESULT

EQUIVALENCE WITHIN THE CLASS Ch,t.s

Theorem. (., Longobardi, Trombetti, 2023]

Letn=2t,t € {3,4}, h, k € F,n satisfying Nq,,/q,(h) = Nqn/q,(k) = —1. Let s, ¢ € N such that
(n,s) = (n, ¢) = 1. Finally, let C ;s and Ck ., be two elements in Class given by (Neri
Santonastaso Zullo). Then:
(i) Ch,a,s and Cx 3, are equivalent if only if either s = £ (mod n) and h” = £k,ors = —¢
(mod n) and h* = k=" where p € Aut(Fgn).

(i) Ch,4,s and C 4,¢, are equivalent if only if either s = ¢ (mod n) and h” = +k,ors = —¢
and h? = +k~', or s = 3¢ (mod n) and h* = £k, or s = 5¢ (mod n) and h* = +k~!
where p € Aut(Fgn).

(<) It is easy to see because with h* = +k and h” = +k~', the codes Ch,a,s and Ck 3, are
exactly the same for t € {3,4}.

(=) As (s,n) = (£,n) =1, there exists an integer —1 < r < n — 2 such that £ = sr (mod n).
Easily observing (r, n) = 1.

We have fort =3, r ¢ {2,3,4} andfort = 4,r ¢ {2,4,6}.

Therefore we see for t € {3,4} and r # 1 orr # t + 1, then Cp ;s and Cy + ¢ can not be
equivalent. The result follows from the following two lemmas.
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ON THE EQUIVALENCE ISSUE IN t € {3,4}

Lemma. [G., Longobardi, Trombetti, 202x]

Assume n = 6 and that C, 3, and Ck 3,¢, are equivalent. One gets the following:
1. if£ = s (mod 6), then h* = =k,
2. if¢ = —s (mod 6),then h* = £k~ 1,

where p € Aut(Iqu).
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ON THE EQUIVALENCE ISSUE IN t € {3,4}

Lemma. [G., Longobardi, Trombetti, 202x]
Assume n = 6 and that C, 3, and Ck 3,¢, are equivalent. One gets the following:
1. if£ = s (mod 6), then h* = =k,
2. if¢ = —s (mod 6),then h* = £k~ 1,
where p € Aut(Iqu).

= ltis sufficient to study these two cases, i.e.,

dHk¢(x) = Hf ((ax), and Hp  (bHk ¢(x)) = cx
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ON THE EQUIVALENCE ISSUE IN t € {3,4}

Lemma. [G., Longobardi, Trombetti, 202x]

Assume n = 6 and that C, 3, and Ck 3,¢, are equivalent. One gets the following:
1. if£ = s (mod 6), then h* = =k,
2. if¢ = —s (mod 6),then h* = £k~ 1,

where p € Aut(Iqu).

= ltis sufficient to study these two cases, i.e.,
dHy,e(x) = H,’j‘s(ax)7 and H,’;s (bHk,e(x)) = cx

fora,b,c,d e IF;S and p € Aul(]Fq(;). Since the automorphism p acts on h, without loss of
generality, we may suppose that it is the identity.
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ON THE EQUIVALENCE ISSUE IN t € {3,4}

Lemma. [G., Longobardi, Trombetti, 202x]

Assume n = 6 and that C, 3, and Ck 3,¢, are equivalent. One gets the following:
1. if£ = s (mod 6), then h* = =k,
2. if¢ = —s (mod 6),then h* = £k~ 1,

where p € Aut(Iqu).

= ltis sufficient to study these two cases, i.e.,
dHy,e(x) = H,’j‘s(ax)7 and H,’;s (bHk,e(x)) = cx

fora,b,c,d e IF;S and p € Aul(]Fq(;). Since the automorphism p acts on h, without loss of
generality, we may suppose that it is the identity. If p € Aut(Fgn) then (Cnt,0)” = Cpy,t,0-
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CASEt=3

o8 =/{ (mod 6) and dHy,¢(x) = Hp s(ax). Compare the coefficients of variable x we have
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CASEt=3

o8 =/{ (mod 6) and dHy,¢(x) = Hp s(ax). Compare the coefficients of variable x we have

d(1 — K = &% (1 — A9
d(k +K?) = & (h+ 1P)
dquzs(k +K9) = aq55h1+q25(h + h%).
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CASEt=3

o8 =/{ (mod 6) and dHy,¢(x) = Hp s(ax). Compare the coefficients of variable x we have

d(1 — K = &% (1 — A9
d(k +K?) = & (h+ 1P)
dquzs(k +K9) = aq55h1+q25(h + h%).

os={ (mod 6) and Hj s(bHk s(x)) = cx. We expand this to get an equation in x and its
2 4
g-powers. Comparing the coefficients of x, x9 ® and x9"° and taking into account that
RIPSH — kO — 4, we obtain the following linear system in the unknowns b9°, b7 and b7°:
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CASEt=3

o8 =/{ (mod 6) and dHy,¢(x) = Hp s(ax). Compare the coefficients of variable x we have

d(1 — K = &% (1 — A9
d(k +K?) = & (h+ 1P)
dquzs(k +K9) = aq55h1+q25(h + h%).

os={ (mod 6) and Hj s(bHk s(x)) = cx. We expand this to get an equation in x and its
2 4
g-powers. Comparing the coefficients of x, x9 ® and x9"° and taking into account that
RIPSH — kO — 4, we obtain the following linear system in the unknowns b9°, b7 and b7°:

S
bq3 c
Anks | b7° | = (0
bq55 0
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CASEt=3

o8 =/{ (mod 6) and dHy,¢(x) = Hp s(ax). Compare the coefficients of variable x we have

d(1 — K = &% (1 — A9
d(k +K?) = & (h+ 1P)
dquzs(k +K9) = aq55h1+q25(h + h%).

os={ (mod 6) and Hj s(bHk s(x)) = cx. We expand this to get an equation in x and its
2 4
g-powers. Comparing the coefficients of x, x9 ® and x9"° and taking into account that

R+ = k@ = 1, we obtain the following linear system in the unknowns b?° | b7 and b7
b?” &
Anks [ b7° | = (0
bq55 0
kqs+q35(1 7h1+q25)(kqs+qus) (h+h2)(kq35+k2‘735) h1+q25(h+hqs)(1 7kq55+qs)
(1 — AP (KT 4 K277 (h+ FB)(1 — KToHa®) @0 1 (4 %) (k7 4 k)

(1 -~ h1+q25)(1 -~ kqs+q35) kq35+q55(h n hz)(kq:%s n kq4s) h1+q2$(h n hqs)(kq5s i quSS)

/
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MAIN RESULTS

Lemma. [G., Longobardi, Trombetti, 2023]

Assume n = 6 and that Cp 3,s and Ck 3 ¢, are equivalent. One gets the following:
1. if £ =s (mod 6), then h” = *k,
2. if£ = —s (mod 6),then h* = 4k~ 1,

where p € Aut(IFqs).
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MAIN RESULTS

Lemma. [G., Longobardi, Trombetti, 2023]

Assume n = 6 and that Cp 3,s and Ck 3 ¢, are equivalent. One gets the following:
1. if £ =s (mod 6), then h” = *k,
2. if£ = —s (mod 6),then h* = 4k~ 1,

where p € Aut(IFqs).

Lemma. [G., Longobardi, Trombetti, 2023]

Assume n = 8 and that Cy 4, and Ck 4,¢, are equivalent. One gets the following:
1. if £ = s (mod 8), then h” = £k,
2. if¢ = —s (mod 8),then h* = £k~ 1,
3. if £ = 3s (mod 8), then h” = +k,
4. if £ =5s (mod 8),then h* = +k~',
where p € Aut(IFqg).
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EQUIVALENCE ISSUE OF LINEAR SETS

Theorem. (Bartoli, zanella, Zullo, 2020]

Ifhe ]qu, the linear set Ly 3 s C PG(1, qs) is PI'L-equivalent to some

3 &5
Le = {406 X7+ X7 4+ CxT Yr g x € Frg}

where € € Fee such that €2 + ¢ = 1ifand only if h € Fq and g is a power of 5. If h ¢ Fe, then
Lp,3,s is not PrL-equivalent to Ly s, Lo s, and Lg s 5 in PG(1, G°).
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EQUIVALENCE ISSUE OF LINEAR SETS

Theorem. (Bartoli, zanella, Zullo, 2020]

Ifhe ]qu, the linear set Ly 3 s C PG(1, qs) is PI'L-equivalent to some

9., ¢ ® *
Le = {06 X7+ X7 +CxT )r g - x € Fog}
where € € Fee such that €2 + ¢ = 1ifand only if h € Fq and g is a power of 5. If h ¢ Fe, then
Lp,3,s is not PrL-equivalent to Ly s, Lo s, and Lg s 5 in PG(1, G°).

For n = 8, to study the equivalence issue of our codes we need to see its geometrical counterpart,
i.e., maximum linear sets.
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EQUIVALENCE ISSUE OF LINEAR SETS

Definition. (zanelia and zulio, 2020]

Let I be a subspace of PG(n — 1, ") of dimension k > 0 such thatF N ¥ = () and
dim(F N T7) > k — 2. Let r be the minimum positive integer such that

&Y

dim(FNren...nré’y > k— 2.

The integer  is called the intersection number of I w.r.t & and is denoted by intn (I').
We observe that for if n = 8, if L be a maximum scattered linear set of A in PG(7, ¢®) and intn,, (")

does not belong to {1, 2}, then L is neither equivalent to L, s nor to Ly s ,,. (Similar statement
appears for n = 6 in [Bartoli, Zanella, Zullo, 2020] )
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EQUIVALENCE OF LINEAR SETS

Theorem. [G., Longobardi, Trombetti, 2023]

The linear set Ly, 4 s is neither equivalent to Lo s norto L s .
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EQUIVALENCE OF LINEAR SETS

Theorem. [G., Longobardi, Trombetti, 2023]

The linear set Ly, 4 s is neither equivalent to Lo s norto L s .

Let h”q“ = —1and (s,4) = 1. The linear set L, 4 s can be seen as the projection of the
canonical subgeometry ¥ from the vertex

X():O
s - 17(755 17‘775
Xs + X3s — h Xss + h X7s =0

onto the line(axis) PG(1, %) C PG(7, q®) with equations xos = X35 = - - - = x75s = 0, where indices
in system above are taken modulo 8.
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EQUIVALENCE OF LINEAR SETS

Theorem. [G., Longobardi, Trombetti, 2023]

The linear set Ly, 4 s is neither equivalent to Lo s norto L s .

Let h”q“ = —1and (s,4) = 1. The linear set L, 4 s can be seen as the projection of the
canonical subgeometry ¥ from the vertex

X():O
s - 17(755 17‘775
Xs + X3s — h Xss + h X7s =0

onto the line(axis) PG(1, %) C PG(7, q®) with equations xos = X35 = - - - = x75s = 0, where indices
in system above are taken modulo 8. Let

75+u

r(7u Xy = 0
s U_ 5s+u u_
Xsiu + Xasyu — h? 7 Xsstu + hT 9 X7s+u = 0,

where u € {s,3s,5s,7s} (mod 8).
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EQUIVALENCE OF LINEAR SETS

Theorem. [G., Longobardi, Trombetti, 2023]

The linear set Ly, 4 s is neither equivalent to Lo s norto L s .

Let h”q“ = —1and (s,4) = 1. The linear set L, 4 s can be seen as the projection of the
canonical subgeometry ¥ from the vertex

X():O
s - 17(755 17‘775
Xs + X3s — h Xss + h X7s =0

onto the line(axis) PG(1, %) C PG(7, q®) with equations xos = X35 = - - - = x75s = 0, where indices
in system above are taken modulo 8. Let

r(7u Xy = 0
s - U_ 5s+u U_ 7S+u
Xsiu+ Xastu — T ~T “xssyu + hT 79 X7s+u = 0,

where u € {s,3s,5s,7s} (mod 8). Then dim(Ts N 2"y = 3 and dim(I's N " N rgz”) =1 for
any u € {s,3s,5s,7s} (mod 8).
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EQUIVALENCE OF LINEAR SETS

Theorem. [G., Longobardi, Trombetti, 2023]

The linear set Ly, 4 s is neither equivalent to Lo s norto L s .

Let h”q“ = —1and (s,4) = 1. The linear set L, 4 s can be seen as the projection of the
canonical subgeometry ¥ from the vertex

X():O
s - 17(755 17‘775
Xs + X3s — h Xss + h X7s =0

onto the line(axis) PG(1, %) C PG(7, q®) with equations xos = X35 = - - - = x75s = 0, where indices
in system above are taken modulo 8. Let

r(7u Xy = 0
s - U_ 5s+u U_ 7S+u
Xsiu+ Xastu — T ~T “xssyu + hT 79 X7s+u = 0,

where u € {s,3s,5s,7s} (mod 8). Then dim(Ts N ?") = 3 and dim(I's N " N rgz”) =1 for
any u € {s,3s,5s,7s} (mod 8). Hence, we have that v ¢ {1, 2}; therefore, L 4 s is neither
equivalent to Lp s, nor Lo s 4.
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INEQUIVALENCE WITH OTHER CODES

Theorem. [G., Longobardi, Trombetti, 2023]
Letn=2t,t € {3,4}, h, k,n € Fyn satisfying Nq,,/q,(h) = Nqn/q,(k) = —1and Ngn,q(n) # 1.
Let s € Nsuch that (n, s) = 1.

(@) Haz,s(n) and Cp ;s are not equivalent.

(b) Assume § € ]qu, such that Nq,,/q,,/z(é) ¢ {0, 1}, and the other conditions on § and g as
expressed in [Csajbok, Marino, Polverino, Zanella, 2018], hold true. Then, the codes Kz;s, s
and Cp ;s are not equivalent.

(c) Assume ¢ € IFqs such that ¢ + ¢ = 1. Then, the codes Zg,¢ and Cp 3 s are not equivalent
except h € Fq and g a power of 5.
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That’s all for today!
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